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DEFORMATIONS OF STRONG KA¨HLER WITH TORSION METRICS
RICCARDO PIOVANI AND TOMMASO SFERRUZZA
Abstract. Existence of strong Ka¨hler with torsion (SKT) metrics on complex manifolds has been shown
to be unstable under deformations. We develop a method to compute the complex exterior differentials
along a curve of complex manifolds, originating from a base complex manifold, in function of the complex
exterior differentials defined on the base complex manifold. We apply such a method in order to find a
necessary condition to the existence of SKT metrics on the curve of complex manifolds.
1. Introduction
In this paper, we make use of classical deformation theory and curves of complex structures to prove
stability conditions for SKT metrics once the base complex manifold undergoes a deformation of the complex
structure. By results of Kodaira and Spencer, we know that the Ka¨hler condition of a manifold, i.e. admitting
a metric with closed fundamental form, is stable under infinitesimal deformations of the complex structure.
Therefore, it is straightforward to consider those notions that generalize the Ka¨hler condition which naturally
arise in the Hermitian setting and study their stability under deformations.
Let (M,J, g) be a Hermitian manifold of complex dimension n. Depending on the closedness of the
fundamental form ω (or its powers) of g with respect to certain differential operators, specific structures
arise. If ∂∂ω = 0, the metric is said to be strong Ka¨hler with torsion (SKT). Another notion which generalizes
Ka¨hlerness is the balanced condition, i.e., dωn−1 = 0, or equivalently, being ω real, ∂ωn−1 = 0. It is in fact a
particular case of a p-Ka¨hler metric, i.e., dωp = 0, for 2 ≤ p ≤ n − 1. In respectively [5] and [1], it is proved
that the existence of SKT and p-Ka¨hler metrics is not stable, once the base complex manifold is deformed
via a smooth family of complex structures.
Since the existence of SKT metrics on complex manifolds is not stable under deformations, it is worth
investigating under which circumstances a SKT metric exists on a deformed complex manifold. In this
paper, we show a necessary condition to the existence of SKT metrics on a curve of complex manifolds, see
Theorem 5.1. To prove our result, we develop a method to compute the complex differentials ∂t and ∂t
acting on functions along a curve of complex manifolds (M,Jt), in function of the complex differentials ∂0
and ∂0 on the base complex manifold (M,J0), and in function of the (0,1)-differential form with values in
the holomorphic tangent bundle which describes the deformation of the complex structure. In Proposition
4.4 we write explicit formulas for computing ∂t and ∂t, and in Theorem 4.6 we approximate such formulas in
a way to be applied to our main result. Note that it is not necessary to have any information of the complex
coordinates of the deformed complex manifold to apply our method of computing ∂t and ∂t, neither it relies
on using special algebraic structures, such as structure equations on Lie groups, to compute the complex
differentials.
We remark that starting from Theorem 4.6, one could study the existence of other special metrics on
complex manifolds, building different necessary conditions to the existence of such metrics.
Finally, we describe two example of nilmanifolds: the quotient of H(3;R)×H(3;R) by H(3;Z)×H(3;Z)
and the Iwasawa manifold, i.e., the quotient of H(3;C) by H(3;Z[i]). The general theory that can be
applied in these examples (see [4], [5], [2]) describes well the problem of the existence of a SKT metric
on deformations of the base complex manifolds. We applied our main result to both the above examples,
finding a nice setting in which this kind of computations can be carried on.
The paper is organized in the following way. In section 2, we fix the notation and recall some basic facts
of complex geometry. Section 3 is a brief review of the classical deformation theory on complex manifolds,
stating the main results of Kodaira and Kuranishi. In section 4, we recall some fundamental properties
of curves of complex structures and develop our method of computing the complex differentials along the
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2 RICCARDO PIOVANI AND TOMMASO SFERRUZZA
curve of complex manifolds. Section 5 is dedicated to the proof of our main result, i.e., a necessary condition
to the existence of a SKT metric on a curve of complex manifolds. Finally, in section 6, we recall some
cohomological properties of nilmanifolds and apply our main result to two explicit examples of nilmanifolds.
2. Notations and preliminaries
Let (M,J, g) be an Hermitian manifold, with J ∈ End(TM) the integrable almost-complex structure on
M and g a Riemannian metric on M compatible with J . Let ω be the (1,1)−fundamental form associated
to g given by ω(⋅, ⋅) = g(J(⋅), ⋅).
The metric g is said to be strong Ka¨hler with torsion (or SKT) if
∂∂ω = 0,
where d = ∂ + ∂ is the decomposition induced by the complex structure.
Let pi∶E →M be a complex vector bundle of rank r over (M,J, g), a n-dimensional Hermitian manifold.
For every p, q, let ⋀p,q(E) ∶= ⋀p,q(M)⊗E be the bundle of the (p, q)-differential forms on M with values in
E and let Ap,q(E) ∶= Γ(M,⋀p,q(E)) be the space of its global C∞-sections.
If h is an Hermitian metric h on E, i.e. a smooth Hermitian scalar product on each fibre of E, let us
identify h as a C-antilinear isomorphism between E and its dual E∗ and consider the usual C-antilinear
Hodge ∗-operator on (M,J, g) with respect to g (see [6]). Then
∗E ∶Ap,q(E)→ An−p,n−q(E∗)∗E(ϕ⊗ s) ∶= ∗(ϕ)⊗ h(s), for ϕ⊗ s ∈ Ap,q(E),
is a C-antilinear isomorphism depending on the metrics g and h, such that ∗E∗○∗E = (−1)p+q on ⋀p,q(M)⊗E.
In particular, h(α,β) ∗ 1 = α ∧ ∗E(β), for α,β ∈ ⋀p,q(E).
An element of Ap,q(E) can be locally written as β = ∑βi ⊗ si, with βi ∈ Ap,q(M) and (s1 . . . , sr) a local
trivialization of E. Then we can define
(2.1) ∂E(β) ∶=∑∂(βi)⊗ si,
and the Dolbeault cohomology of a holomorphic vector bundle as
Hp,q
∂E
(X,E) ∶= ker(∂E ∶Ap,q(E)→ Ap,q+1(E))
im(∂E ∶Ap,q−1(E)→ Ap,q(E)) .
The ∗E-operator can be used to define
(2.2) ∂
∗
E ∶= −∗E∗ ○ ∂E ○ ∗E
and hence, the Laplace operator and its harmonic forms:
∆E ∶= ∂∗E∂E + ∂E∂∗EHp,q(X,E) = {β ∈ Ap,q(E) ∶ ∆E(β) = 0}.
Assume that M is compact. If we define the Hermitian product ⟪⋅, ⋅⟫ on Ap,q(E) as
⟪α,β⟫ = ∫
M
h(α,β) ∗ 1,
the operator ∂E∗ is the adjoint of ∂E and the operator ∆E is self-adjoint with respect to ⟨⋅, ⋅⟩. With these
notations, the following Hodge decomposition holds
Ap,q(E) = ∂E(Ap,q−1(E))⊕Hp,q(X,E)⊕ ∂∗E(Ap,q+1(E)), for any p, q,
and Hp,q(X,E) is finite-dimensional. Also the map Hp,q(X,E) projects bijectively onto Hp,q
∂E
(X,E) which
also is finite-dimensional.
In the following, we will often elide the “E” symbol from the previous notations.
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3. Review of deformation theory of complex structures
We will recall the definitions both in the differentiable and complex settings.
Let B be a domain of Rm (resp. Cm) and {Mt}t∈B a family of compact complex manifolds.
Definition 3.1. We say that Mt depends differentiably (resp. holomorphically) on t ∈ B and that {Mt}t∈B
forms a differentiable (resp. holomorphic, or complex analytic) family if there is a differentiable (resp.
complex) manifold M and a differentiable (resp. holomorphic) proper map pi onto B such that
(1) pi−1(t) =Mt as a complex manifold for every t ∈ B,
(2) the rank of the Jacobian of pi is equal to the dimension (resp. complex dimension) of B at each
point of M.
More precisely, for each p0 ∈M there is a local diffeomorphism (resp. biholomorphism) from Uj ∋ p0
p↦ (z1, . . . , zn, t1 . . . , tm)
to a domain in Cn × Rm (resp. Cn × Cm), where pi(p) = (t1, . . . , tm) are differentiable (resp. complex)
coordinates around pi(p), and such that for a fixed t ∈ Rm (resp. Cm), (z1, . . . , zn) are complex coordinates
on Mt. If Ui ∩ Uj ≠ ∅, the coordinates zi, zj are related via the transition functions fαij ,
zαi = fαij(zj , t),
where fαij(zj , t) is differentiable (resp. holomorphic) in (zj , t) and holomorphic in zj for a fixed t.
It follows from the definition that every Mt, for t ∈ B, is a submanifold (resp. complex submanifold) ofM.
Definition 3.2. If M , N are compact complex manifolds, we say that M is a differentiable (resp. holomor-
phic) deformation of N if there exists a differentiable (resp. holomorphic) family {Mt}t∈B over a domain B
of Rm (resp. Cm), with Mt0 =M , Mt1 = N for some t0, t1 ∈ B.
Note that M and N are diffeomorphic as differentiable manifolds, see [10, pag. 147].
In the holomorphic setting, deformation theory proceeds then with the description of the tools which
allow us to determine the existence and study in detail deformations of the complex structure of a complex
manifold. Let M = {Mt}t∈B , and pi∶M → B with B ∶= Br(0) ⊂ Cm, be a holomorphic family over B. Let
fαij be the holomorphic transition functions on M.
If we denote by Θt the sheaf of holomorphic vector fields on Mt, we can define
∂Mt
∂tν
∶= θij∣ν(t), with
θij∣ν(t) = n∑
α=1
∂fαij(zj , t)
∂tν
∂
∂zαi
,
which is an element of the cohomology with values in Θt, i.e. H
1(Mt,Θt). Let us set ∂∂t ∶= ∑mj=1 ∂∂tν .
Definition 3.3. We define the infinitesimal deformation of M as
∂Mt
∂t
∶= m∑
ν=1
∂Mt
∂tν
∈H1(Mt,Θt)
Under assumptions on the cohomology space H2(M,Θ), Kodaira, Niremberger, and Spencer proved a
theorem of existence of complex analytic deformations. Indeed, let B be the ball centered in 0 ∈ C of radius
r > 0, i.e. B = Br(0) ⊂ C.
Theorem 3.4. Let M be a compact complex manifold and assume H2(M,Θ) = 0. Then for any θ ∈
H1(M,Θ) there is a complex analytic family {Mt ∶ t ∈ B}, and
∂Mt
∂t
∣t=0 = θ
A C∞ vector (p, q)−form on a complex manifold M with dimCM = n is a differentiable section of the
bundle ⋀p,q(M)⊗ T 1,0(M), which can be locally described as
Ψ = n∑
i=1ψi ⊗ ∂∂zi ,
with {z1, . . . , zn} holomorphic coordinates on M and ψi a (p, q)−differential form on M , for i = 1, . . . , n.
The operator ∂ acts on such forms as in (2.1).
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Results of deformation theory assure that to each infinitesimal deformation ∂M
∂t
∣t=0 ∈ H1(M,Θ) as in
Definition 3.3, corresponds a unique (0,1)-vector form on M which is ∂−closed. Indeed, let X be the sheaf
of C∞ vector fields on M , which can be thought as the (0,0)−vector forms on M ; the Dolbeault isomorphism
implies:
H1(M,Θ) ≅ Γ(M,∂X)
∂Γ(M,X) ≅H0,1∂ (M,T 1,0M).
We can actually describe the complex structure on each Mt, t ∈ B via a C∞(0,1)-vector form Ψ(t), defined
starting from the local transition functions fαij (see [10, pag. 150]). If such Ψ(t) is locally written as
Ψ(t) = n∑
i,λ=1ψiλ(z, t)dzλ ⊗ ∂∂zi ,
the (local) holomorphic functions on Mt are defined as the differentiable functions defined on open sets of
M such that (∂ + n∑
λ=1ψiλ(z, t)dzλ ⊗ ∂∂zi ) f(z) = 0.
On the space of C∞ vector forms a bracket can be defined in the following way. Let Ψ = ∑ψα∂α and
Ξ = ∑ ξα∂α be respectively (0, p)- and a (0, q)-vector forms, where ∂α = ∂∂zα . Then
(3.1) [Ψ , Ξ ] ∶= n∑
α,β=1 (∂αψα ∧ ξβ − (−1)pqψα ∧ ∂αξβ)∂β .
In particular [ , ] is bilinear and satisfies the following
(1) [Ψ,Ξ] = −(−1)pq[Ξ,Ψ]
(2) ∂[Ψ,Ξ] = [∂Ψ,Ξ] + (−1)p[Ψ, ∂Ξ]
(3) (−1)pr[Ψ[Ξ,Φ]] + (−1)qp[Ξ, [Φ,Ψ]] + (−1)rq[Φ, [Ψ,Ξ]]=0
if Ψ is a (0, p)-form, Ξ a (0, q)-form and Φ a (0, r)-form.
A classical results shows that the deformations of the complex structure on a compact complex manifold
which give rise to integrable complex structures can be characterized according to the following theorem.
Theorem 3.5. If pi∶M → B = Br(0) is a complex analytic family of compact complex manifolds, then the
complex structure on each Mt = pi−1(t) is represented by a vector (0,1)-form Ψ(t) on M0 such that Ψ(0) = 0
and
(3.2) ∂Ψ(t) + 1
2
[Ψ(t),Ψ(t)] = 0 (Maurer-Cartan equation).
As by Theorem 3.4, existence of complex deformations of a compact complex manifold is assured if
H2(M,Θ) = 0. However, if this property does not hold, a more general theory, known as Kuranishi theory,
can be applied.
Let M be a compact complex manifold and define Aq ∶= Γ(M,⋀0,q(M) ⊗ T 1,0M), for q ∈ Z+. Fix an
Hermitian metric h on M , extend it to Aq and denote it by the same symbol h. Define and inner product
on Aq by ⟪Ψ,Ξ⟫ = ∫
M
h(Ψ,Ξ) ∗ 1,
where Ψ,Ξ ∈ Aq, ∗ is the C-antilinear Hodge operator. We also define the Laplacian on Aq by◻ = ∂∗∂ + ∂∂∗,
where ∂
∗
is the adjoint operator of ∂ with respect to the Hermitian metric h. The space of harmonic forms
is Hq = {Ψ ∈ Aq ∣ ◻Ψ = 0} ≅Hq(M,Θ).
The Hodge theory induces a decomposition on the space Aq as a direct sum of orthogonal subspaces:Aq =Hq ⊕◻Aq.
The operator G∶Aq → ◻Aq is well defined and acts on Aq as the projection onto ◻Aq, whereas the operator
H is the (well-defined) projection operator onto Hq.
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Theorem 3.6 (Kuranishi). Let M be a compact complex manifold, {ην} a base for H1. Let Ψ(t) be the
solution of the equation
(3.3) Ψ(t) = η(t) − 1
2
∂
∗
G[Ψ(t),Ψ(t)],
where η(t) = ∑mν=1 tνην , ∣t∣ < r, r > 0, and let S = {t ∈ Br(0) ∶ H[Ψ(t),Ψ(t)] = 0}. Then For each t ∈ S, Ψ(t)
determines a complex structure Mt on M .
The space S is called the space of Kuranishi. Its defining property holds for a Ψ(t) satisfying (3.3) if and
only Ψ(t) satisfies Maurer-Cartan equation (3.2). The proof of Theorem 3.6 shows that a (0,1)-vector form
Ψ(t) satisfying equation (3.3) can be constructed as a converging power series
Ψ(t) = ∞∑
µ=1ψµ(t)
in which the forms
ψµ(t) = ∑
ν1+⋅⋅⋅+νm=µψν1...νmt
ν1
1 ⋯tνmm , ψν1...νm ∈ A1
are determined via a recursive formula. In fact, if {ην}nν=1 is a base for H1 ≅ H1(M,Θ) and we set
ψ1(t) = ∑mν=1 ηνtν , equation (3.3) assures that each term ψµ can be computed as
(3.4) ψµ(t) = −1
2
∂
∗
G ( µ−1∑
κ=1 [ψκ(t), ψµ−κ(t)] ).
In general S can have singularities and hence may not have a structure of smooth manifold. Nonetheless,{Mt}t∈S can be still be interpreted as a complex analytic family, see [7].
4. Curves of Complex Structures
Let (M,J) be a complex manifold of complex dimension n. On the space Γ(M,End(TM)) of C∞ sections
of the vector bundle End(TM) = T ∗M⊗TM we will consider the usual topology. Then every almost complex
structure Jˆ in a neighborhood of J can be uniquely represented as
Jˆ = (I +L)J(I +L)−1,
with L ∈ End(TM) such that LJ +JL = 0 and det(I +L) ≠ 0 (see, e.g., [3]). It turns out that Jˆ is integrable
if and only if
Ψ ∶= 1
2
(L − iJL) ∈ A1
satisfies the Maurer-Cartan equation (3.2), i.e.,
∂Ψ + 1
2
[Ψ,Ψ] = 0,
(see, [3, Theorem 5.16]). Let t↦ Jt be a smooth curve of (integrable) complex structures on M , with J0 = J .
Note that the curve t ↦ Jt is a differentiable deformation of the complex structure J of M , according to
Definition 3.1. Then, as recalled above, for − < t < , and some  > 0,
(4.1) Jt = (I +Lt)J(I +Lt)−1,
where
(4.2) LtJ + JLt = 0, Lt = tL + o(t).
Finally, we set
(4.3) Ψt = 1
2
(Lt − iJLt) ∈ A1.
We need the following known lemma. We give the proof for completeness.
Lemma 4.1. Let z be a complex vector field of type (1,0) and α be a complex 1-form of type (1,0) with
respect to the complex structure J . Then (I +Lt)z and (I +Lt)α (resp. (I +Lt)z and (I +Lt)α) are of type(1,0) (resp. (0,1)) with respect to the complex structure Jt. Moreover, Ltz and Ltα are of type (0,1) and
Ltz and Ltα are of type (1,0) with respect to the complex structure J .
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Proof. Let us prove the lemma for z ∈ Γ(M,T 1,0M). The other cases are analogous. We get
Jt(I +Lt)z = (I +Lt)Jz = i(I +Lt)z,
i.e., (I +Lt)z is of type (1,0) for the complex structure Jt. Moreover,
JLtz = −LtJz = −iLtz,
i.e., Ltz is of type (0,1) for the complex structure J . 
Since det(I + Lt) ≠ 0 for − < t < , the map I + Lt is an isomorphism between the spaces of complex
vector fields of type (1,0) (resp. (0,1)) with respect to the complex structure J and complex vector fields
of type (1,0) (resp. (0,1)) with respect to the complex structure Jt. The same holds for the spaces of (1,0)
and (0,1) forms. As another consequence of lemma 4.1, note that we have an explicit verifiction of Ψt ∈ A1
since by definition Ψt(z) = Ltz ∈ Γ(M,T 1,0M), for z ∈ Γ(M,T 1,0M).
Our goal is to understand how the differential operators ∂t and ∂t, namely the operators ∂ and ∂ with
respect to the complex structure Jt, act on functions.
Lemma 4.2. Let w = (I +Lt)z be a complex vector field of type (1,0) with respect to the complex structure
Jt. Let f ∶M → C be a C∞ function. Then
∂tf(w) = ∂f(z) + ∂f(Ψt(z)).
Proof. We compute
2∂tf((I +Lt)z) = (df − iJtdf)((I +Lt)z)= df(z) + df(Ltz) − idf((I +Lt)Jz)= ∂f(z) + ∂f(Ltz) + df((I +Lt)z)= 2∂f(z) + 2∂f(Ltz).
Finally, since Lt ∈ End(TM), then
Ltz = Ltz = Ψt(z). 
Analogously, we get the following.
Lemma 4.3. Let w = (I +Lt)z be a complex vector field of type (0,1) with respect to the complex structure
Jt. Let f ∶M → C be a C∞ function. Then
∂tf(w) = ∂f(z) + ∂f(Ψt(z)).
Proof. By making use of Lemma 4.1 and the characterization of Jt (4.1), we compute
2∂tf(w) = (df + iJtdf)((I +Lt)z)= df(z) + df((Lt(z)) + idf((I +Lt)Jz)= ∂f(z) + ∂f(Ltz) + df((I +Lt)z)= 2∂f(z) + 2∂f(Ltz).
Since Ltz = Ψt(z), we conclude. 
Now, fix a local frame {v1, . . . , vn} of complex vector fields of type (1,0) and the corresponding dual local
coframe {ξ1, . . . , ξn} of (1,0)-forms with respect to the complex structure J . Then, locally we have
Ψt = (ψt)ji ξi ⊗ vj .
By the very definition of Ψt and Lemma 4.1, we get that {vi + (ψt)jivj}i is a local frame of complex vector
fields of type (1,0) and {ξj+ξi(ψt)ji}j is a local coframe of (1,0)-forms with respect to the complex structure
Jt. Let us introduce the following matrix notation:
v = (v1, . . . , vn)T , ξ = (ξ1, . . . , ξn), ψt = ((ψt)ji )ij .
The following products between matrices, vectors and covectors satisfy the rules of matrix products. Then,
if f ∶M → C is a C∞ function, since ∂tf is a (1,0)-form with respect to Jt, we have
∂tf = (ξ + ξψt)at,
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where at = ((at)1, . . . , (at)n)T is a vector of C∞ local functions with complex values varying with t. Therefore
∂tf(v + ψtv) = (I + ψtψt)at,
and from Lemma 4.2, we get
v(f) + ψtv(f) = (I + ψtψt)at.
Since ψ(0) = 0, for t sufficiently small we get the following formula for ∂tf . Analogously, we derive a formula
for ∂tf .
Proposition 4.4. Using the previous notation, we have:
∂tf = (ξ + ξψt)(I + ψtψt)−1(v(f) + ψtv(f)),
∂tf = (ξ + ξψt)(I + ψtψt)−1(v(f) + ψtv(f)).
Up to now, we did not really use the hypotesis of Jt being a curve; the properties we showed for Jt
could be showed in the same way for Jˆ in a neighborhood of J . Since, in general, it is difficult to invert
the matrices I + ψtψt and I + ψtψt, we need to simplify the previous formulas. We use the Taylor series
expansion Lt = tL + o(t) of equation (4.2) to obtain
Ψt = tΨ + o(t), ψt = tψ + o(t),
from which we immediately derive the following Lemma.
Lemma 4.5. Using the previous notation, we have:
∂tf = (ξ + tξψ)(v(f) + tψv(f)) + o(t),
∂tf = (ξ + tξψ)(v(f) + tψv(f)) + o(t).(4.4)
Proof. The only thing to note is that (I + ψtψt)−1 = I + o(t). 
Passing in local complex coordinates {zi}i, for vi = ∂∂zi and ξi = dzi, we get the following general formulas
for the differential operators ∂t and ∂t acting on functions.
Theorem 4.6. Let (M,J) be a complex manifold of complex dimension n and let f ∶ M → C be a C∞
function. Let t ↦ Jt be a smooth curve of complex structures on M such that J0 = J . Let Ψt ∈ A1, locally
written as Ψt = (ψt)jidzi ⊗ ∂∂zj , where {zi}i are local complex coordinates on (M,J), be associated to Jt by
equation (4.3). If (ψt)ji = tψji + o(t), then
∂tf = (dzi + tdzjψij)( ∂f∂zi + tψki ∂f∂zk ) + o(t),
∂tf = (dzi + tdzjψij)( ∂f
∂zi
+ tψki ∂f∂zk ) + o(t).
(4.5)
5. Main Result
Let (M,J, g,ω) be a Hermitian manifold and assume that the metric is SKT, i.e., ∂∂ω = 0. Let t ↦ Jt
be a smooth curve of complex structures on M such that J0 = J . We are interested to find a necessary
condition for the existence of a SKT metric gt on (M,Jt), which converges to g as t approaches 0. If ωt is a
SKT metric on (M,Jt), i.e., ∂t∂tωt = 0, for t ∈ (−, ), then we obtain ∂∂t(∂t∂tωt)∣t=0 = 0. Applying Theorem
4.6 to explicitly calculate in coordinates this necessary condition, we obtain the following theorem.
Theorem 5.1. Let (M,J, g,ω) be a Hermitian manifold of complex dimension n. Let t ↦ Jt be a smooth
curve of complex structures on M such that J0 = J . Let Ψt ∈ A1, locally written as Ψt = (ψt)jidzi ⊗ ∂∂zj ,
where {zi}i are local complex coordinates on (M,J), be associated to Jt by equation (4.3). Locally, write(ψt)ji = tψji + o(t) and ω = ωijdzi ∧ dzj. If ωt is a SKT Hermitian metric on (M,Jt) for t ∈ (−, ),  > 0,
ω0 = ω and ωt is locally written as
ωt = (ωt)ij(dzi + (ψt)ikdzk) ∧ (dzj + (ψt)jkdzk),
then:
∂2ωij
∂zh∂zl
ψ
h
rdz
rlij = ∂∂(ωihψhrdzir),(5.1)
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∂2ωij
∂zk∂zl
ψkhdz
lihj + ∂(∂ωij
∂zm
ψ
m
l dz
lij) + ∂∂(∂(ωt)ij
∂t
dzij)∣t=0 = 0,(5.2)
∂(∂ωlj
∂zi
ψimdz
lmj) = ∂∂(ωijψimdzjm).(5.3)
Proof. Since ∂t∂tωt = 0, for t ∈ (−, ), then we get ∂∂t(∂t∂tωt)∣t=0 = 0. Let us compute explicitly
∂
∂t
(∂t∂tωt)∣t=0 = 0, using the local complex coordinates {zi}i. First of all, let us set the notation
θi = dzi + (ψt)irdzr, λi = dzi + tψirdzr, ηij = (ωt)ij ;
so that
ωt = ηijθi ∧ θj= ηijλi ∧ λj + o(t).
Now, let us compute ∂t∂tωt, using equations (4.5). We begin calculating ∂tωt.
∂tωt = ∂tηij ∧ λi ∧ λj + ηij∂tλi ∧ λj − ηijλi ∧ ∂tλj + o(t)
= (∂ηij
∂zl
+ t ∂ηij
∂zm
ψ
m
l )λl ∧ λi ∧ λj
+ ηijt(∂ψir
∂zl
+ t ∂ψir
∂zm
ψ
m
l )λl ∧ dzr ∧ λj
− ηijt(∂ψjr
∂zl
+ t ∂ψjr
∂zm
ψ
m
l )λi ∧ λl ∧ dzr + o(t)
= Alijλl ∧ λi ∧ λj +Blrjλl ∧ dzr ∧ λj +Clirλl ∧ λi ∧ dzr + o(t).
Then, we compute ∂t∂tωt.
∂t∂tωt = ∂tAlij ∧ λl ∧ λi ∧ λj +Alij∂tλl ∧ λi ∧ λj−Alijλl ∧ ∂tλi ∧ λj +Alijλl ∧ λi ∧ ∂tλj+ ∂tBlrj ∧ λl ∧ dzr ∧ λj +Blrj∂tλl ∧ dzr ∧ λj+Blrjλl ∧ dzr ∧ ∂tλj + ∂tClir ∧ λl ∧ λi ∧ dzr+Clir∂tλl ∧ λi ∧ dzr −Clirλl ∧ ∂tλi ∧ dzr + o(t),
where
∂tAlij = ( ∂2ηij∂zh∂zl + t ∂2ηij∂zk∂zlψkh + t ∂2ηij∂zh∂zmψml + t ∂ηij∂zm ∂ψ
m
l
∂zh
)λh + o(t),
∂tBlrj = t(∂ηij∂zh ∂ψir∂zl + ηij ∂2ψir∂zh∂zl )λh + o(t),
∂tClir = t(∂ηij
∂zh
∂ψ
j
r
∂zl
+ ηij ∂2ψjr
∂zh∂zl
)λh + o(t).
If the metric ωt is SKT, then
∂
∂t
(∂t∂tωt)∣t=0 = 0, and
∂
∂t
(∂tAlij)∣t=0 = ( ∂2∂zh∂zl ∂(ωt)ij∂t ∣t=0 + ∂2ωij∂zk∂zlψkh + ∂2ωij∂zh∂zmψml + ∂ωij∂zm ∂ψ
m
l
∂zh
)dzh + ∂2ωij
∂zh∂zl
ψ
h
mdz
m,
∂
∂t
(∂tBlrj)∣t=0 = (∂ωij∂zh ∂ψir∂zl + ωij ∂2ψir∂zh∂zl )dzh,
∂
∂t
(∂tClir)∣t=0 = (∂ωij
∂zh
∂ψ
j
r
∂zl
+ ωij ∂2ψjr
∂zh∂zl
)dzh,
∂
∂t
λl∣t=0 = ψlrdzr, ∂∂tλj∣t=0 = ψjrdzr,
∂
∂t
∂tλ
l∣t=0 = ∂ψlr
∂zk
dzk ∧ dzr, ∂
∂t
∂tλ
j∣t=0 = ∂ψjr
∂zk
dzk ∧ dzr.
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Thus, ∂
∂t
(∂t∂tωt)∣t=0 = 0 if and only if the following three conditions holds:
( ∂2ωij
∂zh∂zl
ψ
h
r − ∂ωih∂zl ∂ψ
h
r
∂zj
− ∂ωih
∂zj
∂ψ
h
r
∂zl
− ωih ∂2ψhr
∂zj∂zl
− ∂2ωih
∂zj∂zl
ψ
h
r)dzrlij = 0,
( ∂2
∂zh∂zl
∂(ωt)ij
∂t ∣t=0 + ∂2ωij∂zk∂zlψkh + ∂2ωij∂zh∂zmψml + ∂ωij∂zm ∂ψ
m
l
∂zh
)dzlihj = 0,
(∂ωij
∂zh
∂ψim
∂zl
+ ∂ωij
∂zl
∂ψim
∂zh
+ ωij ∂2ψim
∂zh∂zl
+ ∂2ωij
∂zh∂zl
ψ
i
m − ∂ωlj∂zi ∂ψim∂zh − ∂2ωlj∂zh∂ziψim)dzlmhj = 0;
and the last equations are a rewriting of equations (5.1), (5.2) and (5.3). 
Note that equations (5.1) and (5.3) depend only on ω and ψ and their derivatives. Moreover, if a priori(ωt)ij are known to be indepentent of the time t, then also equation (5.2) depends only on ω and ψ and
their derivatives.
6. Applications
The conditions in Theorem 5.1 hold in general for deformations on any SKT manifold. However, if we
consider the class of nilmanifolds, exploiting the theory developed in [4] and [8], we can find a nice field of
application for our results.
6.1. Deformations of Abelian complex structures on nilmanifolds. We recall some definitions.
Definition 6.1. A nilmanifold M is a compact quotient M = Γ/G of a simply-connected nilpotent Lie
group G by a uniform discrete subgroup Γ.
More precisely, a nilmanifold M is said to be k-step if the discending series of its Lie algebra m,
m(0) = m, m(1) = [m0,m], . . . m(j) = [m(j−1),m]
vanishes for j ⩾ k.
Let M be endowed with an invariant almost complex structure J . We denote by mC = m1,0 ⊕m0,1 the
decomposition on complex invariant vector field on M induced by J and, extending J to complex forms, by
m∗(p,q) the invariant (p, q)-form on M . If J induces a decomposition on the m∗(k)C = ⊕p+q=km∗(p,q) such that
d(m∗(1,0)) ⊂ m∗(1,1),
then J is said to be Abelian. Such almost complex structures are integrable by definition.
Let (M,J) is a nilmanifold with J Abelian complex structure and let m be the Lie algebra associated to
M . As in [8] and [4], let us consider the sequence m∗(0,k) ⊗m1,0 on which the linear operator ∂ acts in the
following way. If V ∈ m1,0, U ∈ m0,1, we set
∂UV ∶= 12([U,V ] − iJ[U,V ])
so that ∂ ∶ m1,0 → m∗(0,1) ⊗m1,0 can be extented to a linear map on every space m∗(0,k) ⊗m1,0 by
∂k(ω ⊗ V ) ∶= (−1)kω ∧ ∂V, ω ∈ m∗(0,k), V ∈ m1,0.
It turns out that ∂ so defined coincides with the same opeartor defined in Section 1, in (2.1), on left invariants
differentiable vector forms. Moreover, ∂ it is a differential, i.e ∂k ○ ∂k−1 ≡ 0. This allows one to define the
jth cohomology of the complex {m∗(0,●) ⊗m1,0, ∂ } by
(6.1) Hj
∂
(m1,0) ∶= ker(∂j ∶m∗(0,j) ⊗m1,0 → m∗(0,j+1) ⊗m1,0)
∂j−1(m∗(0,j−1) ⊗m1,0)
The following result, due to [4], links (6.1) and the Dolbeault cohomology with values in the holomorphic
tangent bundle.
Theorem 6.2. Let M be a k-step nilmanifold with an Abelian complex structure. Then there are natural
isomorphisms
(6.2) Hj(M,T 1,0M) ≅Hj
∂
(m1,0), for j ∈ {0,1, . . . , k − 1}.
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It is possible to find harmonic representatives for the Dolbeault cohomology with values in T 1,0M by
looking at the invariant cohomology. In fact, let us fix an appropriate invariant Hermitian metric g on M
as in [4, §2]. Extending g to every m∗(0,j) ⊗m1,0 we denote by ∂∗ the formal adjoint of ∂ in the invariant
setting with respect to g and by ∆ ∶= ∂∂∗+∂∗∂ the Laplacian operator with respect to ∂. Let us set im ∂j−1
as the orthogonal complement of im∂j−1 with respect to that fixed metric. Then, the following holds (see
[8]).
Theorem 6.3. The space im ∂j−1 ⊂ ker∂j is a space of harmonic representatives for the Dolbeault coho-
mology Hj(M,T 1,0M). Also, if µ ∈ m∗(0,j) ⊗ m1,0, then ∂∗µ with respect to the L2-norm on the compact
manifold M is equal to ∂
∗
µ with respect to the Hermitian inner product on the finite-dimensional vector
space m∗(0,j) ⊗m1,0.
We note that due to Hodge theory in the invariant setting, each injection map ιj ∶ im∂j−1 ⊂ ker∂j ↪ Hj
is an isomorphism, for j ∈ {0,1, . . . , k − 1}.
The bracket of vector forms (3.1) can be defined also in the invariant setting on cohomology classes in
Hj(M,T 1,0M). If ω ⊗ V,ω′ ⊗ V ′ is representative for an element in H1(M,T 1,0M), we define
(6.3) {ω ⊗ V,ω′ ⊗ V ′} ∶= ω′ ∧ ιV ′dω ⊗ V + ω ∧ ιV dω′ ⊗ V ′,
where by iV ′dω we mean the contraction of the form dω with the vector field V ′. We observe that this
definition coincides with (3.1) on H1(M,T 1,0M).
We are now set to describe the Kuranishi method in this setting (as in [8]), which will yield a power series
construction of the (0,1)-vector form representing the deformations of the complex structure.
Let {β1, . . . , βN} be an orthonormal base of representatives for H1(M,T 1,0M). For any t ∶= (t1, . . . , tN) ∈
CN , let µ(t) = t1β1 + ⋅ ⋅ ⋅ + tNβN and set Ψ1 = µ. If ∂∗ is the formal adjoint of ∂ with respect to g and
∆ = ∂∂∗ + ∂∗∂, we define by recursion the terms Ψr(t), with r ⩾ 2, as in equation (3.4):
(6.4) Ψr(t) = −1
2
r−1∑
s=1 ∂
∗G{Ψs(t),Ψr−s(t)} = −1
2
r−1∑
s=1G∂∗{Ψs(t),Ψr−s(t)},
where G is the Green’s operator, which inverts ∆ on the orthogonal complement of the space of harmonic
forms.
Let {γ1, . . . , γP } be an orthonormal base for the space of (0,2)-vector forms. If fk(t) is the L2-inner prod-
uct of ⟪{Ψ(t),Ψ(t)}, γk⟫, i.e. the projection of {Ψ(t),Ψ(t)} onto H2, Kuranishi theorem (3.6) guarantees
the existence of  > 0 such that
(6.5) S = {s ∈ CN ∶ ∣t∣ < , fj(t) = 0, j = 1, . . . , P}
forms a family of deformations, thus proving the following theorem.
Theorem 6.4. Let M be a nilmanifold with Abelian invariant complex structure J . Then the deformations
arising from J , parametrized as in (6.5) are all invariant complex structures.
Furthermore, in [4] a characterization Abelian deformation is given.
Theorem 6.5. A parameter µ ∈ H1(M,T 1,0M) defines an integrable infinitesimal Abelian deformation if
and only if ∂µ = 0 and
(6.6) {µ,ω} = 0, for ω ∈ m∗(0,1).
6.2. Applications on examples. In the following example, we will apply the theory on Abelian nilman-
ifolds so far introduced together with Theorem 5.1 to study the SKT condition on products of the real
Heisenberg group.
Example 6.6 (H(3;R) ×H(3;R)). Let H(3;R) be the real Heisenberg group, i.e. the nilpotent group⎧⎪⎪⎨⎪⎪⎩
⎛⎜⎝
1 x w
0 1 y
0 0 1
⎞⎟⎠ ∶ x, y,w ∈ R
⎫⎪⎪⎬⎪⎪⎭.
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If we define G ∶=H(3;R) ×H(3;R), i.e. the group of matrices of the form⎛⎜⎜⎜⎜⎜⎜⎜⎜⎝
1 x w 0 0 0
0 1 y 0 0 0
0 0 1 0 0 0
0 0 0 1 s v
0 0 0 0 1 u
0 0 0 0 0 1
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎠
for x, y,w, u, v, s ∈ R
and we define analogously Γ ∶= H(3;Z) × H(3;Z) we set M ∶= Γ/G. It is easy to check M is a 2-step
nilmanifold.
A global invariant coframe of 1-forms on G, hence on M , is given by⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
e1 = dx, e2 = dy
e3 = ds, e4 = du
e5 = −dw + xdy, e6 = −dv + sdu.
We define an almost complex struture J on M by setting
(6.7) Je1 = −e2, Je3 = −e4, Je5 = −e6
so that
(6.8) ϕ1 ∶= e1 + ie2, ϕ2 ∶= e3 + ie4, ϕ3 ∶= e5 + ie6
is a global coframe of (1,0)-forms on M . The structure equations with respect to (6.8) are given by
(6.9)
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
dϕ1 = 0
dϕ2 = 0
dϕ3 = i
2
ϕ11 − 1
2
ϕ22.
We notice that J is an Abelian complex structure (henceforth, integrable).
We will consider the following metric as the initial metric
(6.10) ω = i
2
(ϕ11 + ϕ22 + ϕ33)
which locally can be written as
ω = i
2
(1 + 1
4
∣z1∣2)dz11 + 1
8
z2z1dz12 − 1
4
z1dz13(6.11)
− z1z2dz21 + i
2
(1 + 1
4
∣z2∣2)dz22 − i
4
z2dz23
+ 1
4
z1dz31 − i
4
z2dz32 + i
2
dz33
From (6.9), it is clear that ∂∂ω = 0, i.e. ω is a SKT metric on M .
By simple computations, we can find that the holomorphic coordinates which induce J on M are given
by
(6.12)
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
z1 = x + iy
z2 = s + iu
z3 = (w + 14(s2 + u2) − 12xy) + i(v − 14(x2 + y2) − 12su) .
We can then rewrite locally (6.7) and the dual invariant vector fields {ϕ1, ϕ2, ϕ3}:
(6.13)
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
ϕ1 = dz1
ϕ2 = dz2
ϕ3 = −dz3 − i
2
z1dz1 + 1
2
z2dz2
ϕ1 = ∂∂z1 − i2z1 ∂∂z3
ϕ2 = ∂∂z2 + 12z2 ∂∂z3
ϕ3 = − ∂∂z3 .
We now proceed with making use of the tools we introduced in the beginning of this section. Since we can
restrict ourselves to the invariant setting, we start by finding an invariant basis for H1.
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Let us fix a generic element of α ∈ m∗(0,1) ⊗m1,0,
α ∶= 3∑
i,λ=1 aiλ ϕλ ⊗ ϕi, (aiλ) ∈ C9.
The element α is harmonic if and only if
(6.14) ∂α = ∂∗α = 0.
By imposing (6.14) and using (2.1) and (2.2), we get the following conditions on the coefficients:
(6.15)
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
a13 = 0
a23 = 0
a12 = i a21.
Therefore, an invariant basis for H1 is given by{ϕ1 ⊗ ϕ1, ϕ2 ⊗ ϕ2, iϕ2 ⊗ ϕ1 + ϕ1 ⊗ ϕ2, ϕ1 ⊗ ϕ3, ϕ2 ⊗ ϕ3, ϕ3 ⊗ ϕ3},
so that we can fix Ψ1(t) ∈ m∗(0,1) ⊗m1,0 as
Ψ1(t) ∶= t11ϕ1 ⊗ ϕ1 + t22ϕ2 ⊗ ϕ2 + it21ϕ2 ⊗ ϕ1 + t12ϕ1 ⊗ ϕ2+ t31ϕ1 ⊗ ϕ3 + t32ϕ2 ⊗ ϕ3 + t33ϕ3 ⊗ ϕ3,
with t = (t11, t22, t21, t31, t32, t33) ∈ C6. Now we can apply the recursive formula (6.4) to obtain the terms
Ψj(t), for j ⩾ 2. With easy computations, it can be checked that
(6.16) G∂∗{Ψ1(t),Ψ1(t)} = 0,
so that Ψ2(t) = 0. By induction on the recursive formula for the following terms, we can see that Ψj(t) = 0
for j ⩾ 2. Therefore, the deformation (0,1)-form Ψ(t) coincides with Ψ1(t). This allows us to make use of
Theorem 6.5 to describe deformations which preserve the Abelian condition. In particular, we must impose
that {Ψ(t), ϕj } = 0 for any element ϕj of the basis of m∗(0,1). This gives us the following condition:
t21 = 0.
Therefore, Ψ(t) ∈ m∗(0,1) ⊗m1,0 describing deformations of the complex structure (6.8) which preserve the
Abelian conditions can be written as
(6.17) Ψ(t) ∶= t11ϕ1 ⊗ ϕ1 + t22ϕ2 ⊗ ϕ2 + t31ϕ1 ⊗ ϕ3 + t32ϕ2 ⊗ ϕ3 + t33ϕ3 ⊗ ϕ3,
for (t11, t22, t31, t32, t33) ∈ C5 in a neighborhood B of 0 ∈ C5.
We will now construct a curve of complex structures arising from this family of deformations. If(a11, a22, a31, a32, a33) ∈ B is a fixed point, we define the segment γ∶ [0,1] → C5 such that γ(t) ∶=(ta11, ta22, ta31, ta32, ta33). The form Ψt is then
(6.18) Ψt ∶= t(a11ϕ1 ⊗ ϕ1 + a22ϕ2 ⊗ ϕ2 + a31ϕ1 ⊗ ϕ3 + a32ϕ2 ⊗ ϕ3 + a33ϕ3 ⊗ ϕ3), t ∈ [0,1]
which has local expression
(6.19) Ψt = t ⋅Ψ
with
Ψ = a11(dz1 ⊗ ∂
∂z1
) + a22(dz2 ⊗ ∂
∂z2
) + a33(dz3 ⊗ ∂
∂z3
))(6.20)
+ (− i
2
a11z
1 − a31 − i
2
a33z
1)(dz1 ⊗ ∂
∂z3
) + (1
2
a22z
2 − a32 − 1
2
a33z
2)(dz2 ⊗ ∂
∂z3
).
From (6.17), Lemma (4.1), and the identification between Ψ(t) and Lt, we can compute the global invariant
coframe {ϕjt}3j=1 of the deformation in terms of {ϕj}3j=1 and {θj = dzj +Ψt(dzj)}3j=1
(6.21)
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ϕ1t = ϕ1 +Ψt(ϕ1) = ϕ1 + ta11ϕ1
ϕ2t = ϕ2 +Ψt(ϕ2) = ϕ2 + ta22ϕ2
ϕ3t = ϕ3 +Ψt(ϕ3) = ϕ3 + ta31ϕ1 + ta32ϕ2 + ta33ϕ3
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ϕ1t = θ1
ϕ2t = θ2
ϕ3t = − i2z1θ1 + 12z2θ2 − θ3
If we consider the metric having
(6.22) ωt = i
2
(ϕ11t + ϕ22t + ϕ33t ),
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as fundamental form, clearly, for t→ 0 we have that ωt tends to the metric ω previoulsy defined in (6.10).
We can check the SKT condition for ωt by rewriting the structure equations for the complex structure
having (6.21) as a basis for the invariant (1,0)-forms
(6.23)
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
dϕ1t = 0
dϕ2t = 0
dϕ3t = 1+t331−∣t11∣2 i2ϕ11t − 1−t331−∣t22∣2 12ϕ22t .
Imposing ∂t∂tω = 0, we obtain
(6.24) ∂t∂tωt = 0⇔ i(1 − ∣t11∣2)(1 − ∣t22∣2)(t33 − t33)ϕ1122t = 0⇔ t33 ∈ R.
Actually, we can say more. Let
Ωt = i
2
3∑
α,β=1 gαβ(z, t)ϕαt ∧ ϕβt
be a SKT Hermitian metric on M with respect to Jt, with gαβ(z, t) local functions. From the positiveness
of Ωt, we must have that g33(z, t) ≠ 0. If we compute the L2 product of ∗ωt and ∂t∂tΩt, integrating by
parts, we get
0 = ⟪∂t∂tΩt,∗ωt⟫ = ⟪Ωt,∗∂t∂tωt⟫ = i(1 − ∣t11∣2)(1 − ∣t22∣2)(t33 − t33)∫M ϕ1122t ∧∑ gαβϕαβt= i(1 − ∣t11∣2)(1 − ∣t22∣2)(t33 − t33) i2 ∫M g33(z, t)ϕ112233t .
Therefore, if t33 ∈ C ∖R, there exists no SKT metrics on the deformed Abelian complex structure.
Let us apply Theorem 5.1 to ωt to check other possible necessary conditions to the property of being
SKT. Under a change of basis from {ϕjt}3j=1 to {θj}3j=1, the metric ωt can be written as
ωt = i
2
(1 + 1
4
∣z1∣2)θ11 + 1
8
z2z1θ12 − 1
4
z1θ13(6.25)
− z1z2θ21 + i
2
(1 + 1
4
∣z2∣2)θ22 − i
4
z2θ23
+ 1
4
z1θ31 − i
4
z2θ32 + i
2
θ33.
The matrix ψ = {ψji }3i,j=1 representing the form Ψ is
(6.26) ψ = ⎛⎜⎝
a11 0 − i2a11z1 − a31 − i2a33z1
0 a22
1
2
a22z
2 − a32 − 12a33z2
0 0 a33
⎞⎟⎠
Recalling the local expression (6.11) and using (6.25) and (6.26), we now have all the ingredients to apply
Theorem 5.1.
As a first remark, by looking at (6.25) we note that for any i, j ∈ {1,2,3},
(6.27)
∂(ωt)ij
∂t
= 0,
since the coefficients (ωt)ij do not depend on t.
Also, the terms ωi3 and ω3j for i, j ∈ {1,2,3} are linear in either z1, z2, z3 or their conjugates, therefore
∂2ωij
∂zh∂zl
= ∂2ωij
∂zk∂zl
= 0, for every i, j, h, l, k ∈ {1,2,3}.
With the aid of these remarks, by elementary computations it turns out that all the necessary conditions
are trivially verified, therefore our theorem does not give any non-trivial conditions. 
In the following example we apply Theorem 5.1 on consecutive deformations on the Iwasawa manifold.
Example 6.7 (Iwasawa manifold). Let us consider the complex Heisemberg group
H(3;C) = ⎧⎪⎪⎨⎪⎪⎩
⎛⎜⎝
1 z1 z3
0 1 z2
0 0 1
⎞⎟⎠ ∶ z1, z2, z3 ∈ C
⎫⎪⎪⎬⎪⎪⎭
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and its cocompact discrete subgroup
H(3;Z[i]) = ⎧⎪⎪⎨⎪⎪⎩
⎛⎜⎝
1 z1 z3
0 1 z2
0 0 1
⎞⎟⎠ ∶ z1, z2, z3 ∈ Z[i]
⎫⎪⎪⎬⎪⎪⎭.
Define the Iwasawa manifold as X =H(3;Z[i])/H(3;C). X is a compact complex 3-dimensional nilmanifold
which do not admit Ka¨hler metrics. Let z1, z2, z3 be the standard complex coordinate system on H(3;C).
The following (1,0)-forms on H(3;C) are invariant for the left action of H(3;Z[i]), so they give rise to a
global coframe for (T 1,0X)∗: ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ϕ1 = dz1
ϕ2 = dz2
ϕ3 = dz3 − z1dz2 .
Therefore the structure equations are ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
dϕ1 = 0
dϕ2 = 0
dϕ3 = −ϕ1 ∧ ϕ2 .
In [2, Section 3], the authors, following Nakamura in [9, pag. 95], compute and classify small deformations
of the complex structures of the complex manifold X. With the same notation of [2], consider the local
system of complex coordinates for the complex structure Jt at t = (0, t12, t21,0,0,0) ∈ C6 given by⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ζ1t = z1 + t12z2
ζ2t = z2 + t21z1
ζ3t = z3 + t21∣z1∣2 .
Denote by Xt the deformed complex manifold with complex structure Jt. Equivalently Xt could be viewed
as Γt/H(3;C), where Γt is the group generated by the transformations⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ζ ′1 = ζ1 + η1 + t12η2
ζ ′2 = ζ2 + η2 + t21η1
ζ ′3 = ζ3 + η3 + η1ζ2 + t21η1(ζ1 + η1) ,
varying η = (η1, η2, η3) ∈ (Z[i])3, and H(3;C) is considered with coordinates ζ1t , ζ2t , ζ3t . Consider the (1,0)-
forms invariant for the action of Γt on H(3;C) given by⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ϕ1t = dζ1t
ϕ2t = dζ2t
ϕ3t = dζ3t − z1dζ2t − t21z1dζ1t ,
where
z1 = 1
1 − t21t12 (ζ1t + t12t21t12 − 1ζ2t).
Their structure equations are
(6.28)
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
dϕ1t = 0
dϕ2t = 0
dϕ3t = σ12ϕ1t ∧ ϕ2t + σ11ϕ1t ∧ ϕ1t + σ22ϕ2t ∧ ϕ2t ,
where ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
σ12 = − 1∣t12t21−1∣2
σ11 = + t21∣t12t21−1∣2
σ22 = − t12∣t12t21−1∣2
.
The vector form in A1 describing the deformation can be explicitly written as
Ψ(t) = t21dz1 ⊗ ∂
∂z2
+ t21z1dz1 ⊗ ∂
∂z3
+ t12dz2 ⊗ ∂
∂z1
− t12t21z1dz2 ⊗ ∂
∂z3
.
We are interested to find parameters t12, t21 such that the manifold Xt admits a SKT metric. Note that,
according to structure equations (6.28), the complex structure Jt is invariant. By [11, Proposition 21] if
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there exists a SKT metric on Xt, then there is also a left invariant one. By direct computations using
structure equations (6.28), one gets that if g is a left invariant Hermitian metric on Xt, then g is SKT if
and only if
∂t∂t(ϕ3t ∧ ϕ3t) = 0,
and
∂t∂t(ϕ3t ∧ ϕ3t) = (σ11σ22 + σ11σ22 − σ12σ12)ϕ1212t ,
where
σ11σ22 + σ11σ22 − σ12σ12 = −2 Re (t21t12) + 1∣t12t21 − 1∣4 ,
and by ∂t, ∂t we indicate the complex differentials on Xt. Therefore, taking t12 = −i and t21 = i2 , the manifold
Xt admits a SKT metric. Note that, for these values of t12, t21, we retrieve the values of the parameters
t = s = 1 in [5, Section 2]. At this point, we want to apply another deformation to the complex manifold Xt.
To simplify the notation, for t = (0,−i, i
2
,0,0,0), set M =Xt, ζj = ζjt , ξj = ϕjt, 2α = −z1. Thus we recall⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩
ξ1 = dζ1
ξ2 = dζ2
ξ3 = dζ3 + iαdζ1 + 2αdζ2
α = − 1
3
ζ
1 + 2
9
iζ2
,
and ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
dξ1 = 0
dξ2 = 0
dξ3 = − 4
9
ξ1 ∧ ξ2 + 2i
9
ξ1 ∧ ξ1 + 4i
9
ξ2 ∧ ξ2 .
Let us deform the complex structure in the following way: for − < t < , set⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ξ1t = ξ1
ξ2t = ξ2 + tξ2
ξ3t = ξ3 ;
their structure equations are
(6.29)
⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
dξ1t = 0
dξ2t = 0
dξ3t = − 49(1−t2)(ξ1t ∧ ξ2t − tξ1t ∧ ξ2t ) + 2i9 ξ1t ∧ ξ1t + 4i9(1−t2)ξ2t ∧ ξ2t ;
therefore the almost complex structure defined by declaring ξ1t , ξ
2
t , ξ
3
t as (1,0)-forms is integrable and defines
a complex manifold Mt. Note that ξ
1
t , ξ
2
t , ξ
3
t are invariant forms on Mt and that the complex structure of
Mt is invariant. The vector form in A1 describing the deformation can be explicitly written as
Ψ′(t) = tdζ2 ⊗ ∂
∂ζ2
− 2tαdζ2 ⊗ ∂
∂ζ3
.
To apply Theorem 5.1, we need a basis of (1,0)-forms of the type θi = dζi + (ψt)irdζr, where Ψ′(t) =(ψt)jidζi ⊗ ∂∂ζj . Then, write ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
θ1 = dζ1
θ2 = dζ2 + tdζ2
θ3 = dζ3 − 2tαdζ2 .
Writing the ξjt in function of the θ
j , one obtains
(6.30)
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
ξ1t = θ1
ξ2t = θ2
ξ3t = θ3 + iαθ1 + 2αθ2 .
Let ωt be the fundamental form of any left invariant Hermitian metric on Mt. Then, ωt can be expressed
in the following way,
(6.31) 2ωt = i(r2ξ11¯t + s2ξ22¯t + l2ξ33¯t ) + uξ12¯t − u¯ξ21¯t + vξ13¯t − v¯ξ31¯t +wξ23¯t − w¯ξ32¯t ,
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where r, s, l are smooth real valued functions in t ∈ (−, ) and u, v, w are smooth complex valued functions
in t ∈ (−, ), satisfying the following conditions
r2 > 0, r2s2 − ∣u∣2 > 0, r2s2l2 − 2Re(iuv¯w) > r2∣w∣2 + s2∣v∣2 + l2∣u∣2.
It is a long but straightforward computation to substitute equations (6.30) in equation (6.31) and to apply
Theorem 5.1 on ωt. One obtains that if ωt is SKT for t ∈ (−, )∖{0}, then ∂l∂t ∣t=0 = 0. Therefore, if ∂l∂t ∣t=0 ≠ 0,
then ωt is not SKT for t ∈ (−, ) ∖ {0}. In fact, following the same method used in [5, Section 2] to prove
the non-stability under small deformations of the SKT condition, one could proceed as follows. By direct
computations using structure equations (6.29), one can show that Mt does not admit a SKT invariant metric
for t ≠ 0, since ∂t∂t(ξ3t ∧ ξ3t ) = 0 iff t = 0. Again by [11, Proposition 21], if there exists a SKT metric on Mt,
then there is also a left invariant one. Thus, Mt does not admit any SKT metric for t ≠ 0. Therefore, our
method is weaker than the one in [5] in this case. 
Remark 6.8. As a conclusion, on a nilmanifold M with an invariant complex structure J0, an invariant
coframe of (1,0)-forms for the deformed complex structure Jt yields affordable computations to verify if
the manifold admits (invariant) SKT metrics, through the use of structure equations. In these cases, our
necessary condition on the existence of SKT metrics gives us less information (due to the approximation of
the first term of the Taylor expansion) and requires more calculations than the direct computation of the
SKT condition. On the other hand, note that Theorem 5.1 has a wide range of applications, since it requires
no hypothesis on the base complex manifold.
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